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Abstract
The intention of these lecture notes is to outline the basics of lattice hadron spectroscopy
to students from other fields of physics, e.g. from experimental particle physics, who do
not necessarily have a background in quantum field theory. After a brief motivation and
discussion of QCD, it is explained, how QCD can in principle be solved numerically using
lattice QCD. The main part of these lecture notes is concerned with quantum numbers of
hadrons, corresponding hadron creation operators, and how the mass of a hadron can be
determined from a temporal correlation function of such operators. Finally, three recent
lattice hadron spectroscopy examples from the literature are discussed on an elementary
level.
1 Introduction
These lectures on lattice QCD and the computation of hadron masses were given at the
HGS HIRe Lecture Week on Hadron Physics 2013. They are primarily aimed at non-
experts from other fields, e.g. from experimental particle physics, possibly without any
knowledge of quantum field theory. The goal of these lectures is to provide insight into the
methods of lattice QCD sufficient to grasp the main concepts of papers and presentations
on the subject.
In particular, the lectures outline, how masses of hadrons – i.e. mesons (q¯q states like
π, K, D, ρ, ...) and baryons (qqq states like p, n, ...) – can be calculated numerically
from first principles. “First principles” implies that the calculation is exclusively based
on the QCD action without any simplifying assumptions or approximations. The input
parameters are the quark masses (mu, md, ms, ...).
There are many reasons to be interested in studying the strong interactions by means of
lattice QCD. For example trying to reproduce the experimentally observed properties of
hadrons by a first principles computation allows to verify QCD and the Standard Model
as the correct theory of particle physics up to the given numerical and experimental
precision or, similarly, to search for new physics (e.g. lattice computations of the hadronic
contribution to the muonic anomalous moment [g−2] are indispensable in order to further
reduce the error of the theoretical prediction). Another benefit of lattice QCD is its ability
to predict hadronic states, which have not been discovered experimentally yet. Such
results can provide useful input both for phenomenologists and for future experiments.
Moreover, lattice QCD can be used to determine quantum numbers and the structure of
experimentally less well-established states (states “omitted from summary table” by PDG
[1]).
Typical properties of hadrons (e.g. masses, structure functions, decay constants, ...) are
dictated by QCD, which is briefly discussed in the next section. On the other hand, QED
and the weak interactions cause only small corrections, which can often be neglected or
estimated by perturbation theory or model calculations. Finally, gravitation is irrelevant
for hadronic properties.
2 QCD
QCD is the quantized field theory of quarks and gluons. The fields of the theory are
divided into matter and force fields. The matter fields consist of six quark fields,
ψ(f)(x) ≡ ψ(f)(r, t) , f ∈ {u, d, s, c, t, b}, (1)
which are treated in QCD as exact copies, which differ only in terms of their masses. The
force field is a single massless gluon field,
Aµ(x) ≡ Aµ(r, t). (2)
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2.1 Why do we need a quantized field theory?
One could phrase this question also in other words: “Why is it insufficient to use quantum
mechanics in order to describe the strong interactions?”
In particle physics creation and annihilation of particles is important (high energy col-
lider experiments are an obvious example). Quantum mechanics, however, describes each
particle by a wave function. The absolute square of a wave function ψ(r) is the proba-
bility density to find the particle at r. Conservation of probability, which follows directly
from Schro¨dinger’s equation, does neither allow for the annihilation of an existing particle
nor the creation of a new particle. Hence, creation and annihilation processes cannot be
described by quantum mechanics.
Despite E = mc2 dictating the relation between energy and mass in particle creation or
annihilation, also relativistic quantum mechanics leaves the problem of describing creation
and annihilation processes unresolved (the absolute square of a wave function is still
interpreted as a probability density).
Field theory, on the other hand, allows for the creation and annihilation of particles. As
an analogy, the field can be visualized as a fine 3-dimensional network of springs (“a 3-
dimensional spider web”). If these springs are at rest at their energetic minimum, i.e. if
there are no oscillations, an experimentalist would not observe a particle. If the springs
oscillate in a certain spatial region, the field carries localized energy. An experimentalist
would interpret this energy as one or more particles in that region. In the case of QCD a
quark field and the gluon field can be visualized as two independent networks of springs,
which are connected by additional springs. Clearly, energy associated with oscillations of
the quark field can now be transferred to the gluon field and vice versa. This is, how the
mechanism of particle creation and annihilation works in field theory: e.g.
• a(n) (anti)quark emits a gluon or
• a(n) (anti)quark absorbs a gluon or
• a quark and a antiquark annihilate, resulting in a gluon or
• ...
One could now ask: “Why does it have to be a quantized field theory? Why is it insufficient
to just use a classical field theory as e.g. in electrodynamics?”
In a classical field theory field excitations can carry any amount of energy. Thus, there
is no integer quantity, which can be interpreted as the number of particles. In typical
problems from classical electrodynamics, where millions of photons are present, this is not
a problem and classical field theory works rather well. In contrast to that, in a quantum
field theory field excitations are quantized, i.e. corresponding energies are discretized
(similarly as for the quantized harmonic oscillator). There exists an integer quantity,
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which corresponds to the number of particles. In QCD problems, where the number of
particles is typically rather small (e.g. three quarks, when studying a baryon), this is
essential for an accurate theoretical description.
In the following it is not assumed that the reader possesses a working knowledge of
quantum field theory. Aspects of quantum field theory will be avoided, whenever possible.
If not possible, the necessary concepts will be vaguely illustrated. The goal of these notes
is to outline the basic ideas behind the computation of hadron masses using lattice QCD.
However, if one is interested in understanding also the details, there is no other way than
to study quantum field theory (cf. e.g. the textbooks [2, 3, 4, 5]).
2.2 The QCD action
The fields (1) and (2) appearing in the QCD action have several components, which are
labeled by various indices.
The quark fields, ψ
a,(f)
A , have a color index a = 1, . . . , 3 (quarks carry color charge; in
contrast to electrical charge there are three types of color charge, red, green and blue; the
expert would say “QCD is an SU(3) gauge theory”). The three color components can be
seen as the three entries of a column vector. Since quarks are spin-1/2 particles, there is
also a Dirac or spin index A = 1, . . . , 4 (the four degrees of freedom correspond to spin
up/spin down and to particle/antiparticle). Finally, quarks have a flavor index (f) =
1, . . . , Nf (in full QCD Nf = 6, i.e. there are six quark flavors, u, d, s, c, b and t quarks,
which differ in mass, mu = 2.3MeV, md = 4.8MeV, ms = 95MeV, mc = 1.28GeV,
mb ≈ 4GeV, mt ≈ 170GeV1 [1]).
The gluon field Aaµ also has a color index a = 1, . . . , 8. Often it is convenient to write
the gluon field as a matrix, Aµ = A
a
µλ
a/2, where λa denote the eight 3 × 3 Gell-Mann
matrices, e.g.
λ1 =

 0 +1 0+1 0 0
0 0 0

 , λ2 =

 0 −i 0+i 0 0
0 0 0

 , . . . (3)
The three rows and columns of the Gell-Mann matrices correspond to the quark colors
red, green and blue. For example gluons, which are excitations of the field component A1µ,
mediate forces between red and green quarks. Furthermore, the gluon field has a Lorentz
index or spacetime index µ = 0, . . . , 3, since gluons are spin-1 particles.
The quark part of the QCD action depends on the quark fields as well as on the gluon
field:
Squark[ψ, ψ¯, A] =
∫
d4x
∑
f
ψ¯(f)
(
iγµDµ −m(f)
)
ψ(f) =
1Throughout these lecture notes natural units are used, i.e. ~ = c = 1; e.g. 1MeV ≡ 1.78× 10−30 kg.
3
=∫
d4x
∑
f
ψ¯
a,(f)
A
(
iγµAB
(
δab∂µ − igAcµλc,ab/2
)
− δabδABm(f)
)
ψ
b,(f)
B . (4)
ψ¯ = ψ†γ0, Dµ = ∂µ− igAµ denotes the so-called covariant derivative, where g is the QCD
coupling constant (similar to the electrical charge in electrodynamics) and γµ are the 4×4
Dirac matrices, which can be chosen according to
γ0 =
(
+1 0
0 −1
)
, γj =
(
0 +σj
−σj 0
)
, (5)
where σj are the Pauli matrices,
σ1 =
(
0 +1
+1 0
)
, σ2 =
(
0 −i
+i 0
)
, σ3 =
(
+1 0
0 −1
)
. (6)
Note the similarity of (4) to the Dirac equation, (iγµ∂µ − m)ψ = 0, which is typically
discussed in standard lectures on quantum mechanics.
The gluon part of the QCD action depends only on the gluon field:
Sgluon[A] = −1
4
∫
d4xF µν,aF aµν , F
a
µν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν (7)
or equivalently
Sgluon[A] = −1
2
∫
d4xTr
(
F µνFµν
)
,
Fµν = F
a
µν
λa
2
= ∂µAν − ∂νAµ − ig[Aµ, Aν ]. (8)
Here, the fabc are the totally antisymmetric structure constants of SU(3), [λa/2, λb/2] =
ifabcλc/2.
Note the similarity of (7) to the action of electrodynamics, S = −(1/4) ∫ d4xF µνFµν ,
Fµν = ∂µAν − ∂νAµ. The term gfabcAbµAcν in (7), which has no counterpart in electrody-
namics, is responsible for interactions between gluons.
The QCD action is the sum of the quark action and the gluon action:
SQCD[ψ, ψ¯, A] = Squark[ψ, ψ¯, A] + Sgluon[A]. (9)
2.3 Quantization of QCD
In quantum mechanics the coordinate x and the momentum p of a particle are replaced
by corresponding operators xˆ and pˆ. Imposing the commutation relation [x, p] = i is
sufficient, to generate quantum effects. When quantizing fields, e.g. the quark and the
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gluon fields in QCD, the procedure is the same as in quantum mechanics. ψ(f) and Aµ
are replaced by operators ψˆ(f) and Aˆµ, which obey appropriate commutation relations.
There are several mathematically equivalent approaches to calculate quantum mechanical
or quantum field theoretical expectation values:
(1) Schro¨dinger’s equation, wave functions
This approach is widely used in quantum mechanics and should be well known from
standard lectures. As an example, the ground state mean square displacement of a
particle is given by
〈0|xˆ2|0〉 =
∫
dxψ∗0(x)x
2ψ0(x), (10)
where ψ0(x) is the ground state wave function, i.e. that solution of Schro¨dinger’s
equation with the lowest energy eigenvalue.
Generalizing this approach to quantum field theory is, however, not very practical (in
contrast to mechanics there are infinitely many degrees of freedom in field theory).
Therefore, it is rarely used in quantum field theory or QCD.
(2) Creation and annihilation operators
In quantum mechanics creation and annihilation operators are usually introduced
in the context of the harmonic oscillator:
aˆ =
√
mω
2
xˆ+ i
√
1
2mω
pˆ → aˆ† =
√
mω
2
xˆ− i
√
1
2mω
pˆ. (11)
One can show that applying a creation/an annihilation operator to an energy eigen-
state |n〉 yields |n+ 1〉/|n− 1〉, i.e. creates/annihilates one quantum of energy:
aˆ†|n〉 = √n + 1|n+ 1〉 , aˆ|n〉 = √n|n− 1〉. (12)
If a theory does not have quadratic form, but is similar to a quadratic theory, the
method of creation and annihilation operators can still be applied. Perturbation
theory is then used, to deal with non-quadratic terms. Specializing the above ex-
ample to the case of the harmonic potential V (x) = mω2x2/2 the mean square
displacement can be expressed in terms of creation and annihilation operators:
〈0|xˆ2|0〉 = 〈0|
√
1
2mω
(
aˆ+ aˆ†
)√ 1
2mω
(
aˆ + aˆ†
)
|0〉 = . . . = 1
2mω
. (13)
The method of creation and annihilation operators is widely used in perturbative
quantum field theory. However, hadron masses cannot be calculated perturbatively.
This is so, because the QCD coupling constant g, the expansion parameter of per-
turbative QCD, is only small for large quark and gluon momenta, while hadrons
also contain quarks and gluons with small momenta.
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(3) Path integrals
A less common approach to calculate ground state expectation values in quantum
mechanics are path integrals (cf. e.g. [2, 6] for a detailed derivation). Using the path
integral approach the above example of the mean square displacement reads
〈0|xˆ2|0〉 = 1
Z
∫
Dxx(0)2eiS[x] , Z =
∫
DxeiS[x]. (14)
∫
Dx =
∏
t dx(t) is the integral over all possible paths x(t) from t = −∞ to t = +∞,
i.e. denotes an integration over a function space (all functions x(t)). Since a function
has infinitely many degrees of freedom, a path integral can be considered as an
integral over an infinite number of variables (labeled by t). The observable x2 has
to be evaluated on all these paths (e.g. at time t = 0) and “weighted” with the
phase eiS[x]/Z.
The transition from quantum mechanics to quantum field theory, e.g. to QCD, is
straightforward (hats ˆ on top of operators are in the following omitted):
〈Ω|O[ψ, ψ¯, A]|Ω〉 = 1
Z
∫
DψDψ¯
∫
DAO[ψ, ψ¯, A]eiSQCD[ψ,ψ¯,A] ,
Z =
∫
DψDψ¯
∫
DAeiSQCD[ψ,ψ¯,A], (15)
where
– |Ω〉 is the QCD ground state, i.e. the vacuum,
–
∫
DψDψ¯ =
∏
xµ
dψ(x) dψ¯(x) is the integration over all possible quark field
configurations ψ(f)(r, t),
–
∫
DA =
∏
xµ
∏3
ν=0 dAν(x) is the integration over all possible gluon field con-
figurations Aµ(r, t),
– O[ψ, ψ¯, A] is an observable composed of quark and gluon fields/field operators.
To determine a hadron mass, one needs to calculate a temporal correlation function
of a suitable hadron creation operator. E.g. to determine the pion mass,
〈Ω|
(
Opi(t2)
)†
Opi(t1)|Ω〉 = 1
Z
∫
DψDψ¯
∫
DA
(
Opi(t2)
)†
Opi(t1)eiSQCD[ψ,ψ¯,A],
(16)
Opi(t) =
∫
d3r u¯(r, t)γ5d(r, t) (17)
is needed (cf. section 3 for details).
Solving QCD path integrals (15) analytically seems to be impossible. Path integrals
are, however, suited for numerical evaluation on HPC systems (→ lattice field the-
ory, lattice gauge theory, lattice QCD), which is one of the reasons, why they are
commonly used in quantum field theory.
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2.4 Lattice QCD (numerical evaluation of QCD path integrals)
The basic ideas behind lattice computations can most easily be illustrated in quantum
mechanics. To be able to solve the infinite dimensional path integral (14) numerically,
one first has to reduce it to an ordinary multidimensional integral. To this end
• time is discretized, t ∈ R → tn = n× a, n ∈ Z (a is the lattice spacing),
• time is considered to be periodic (periodicity T = aNT , NT is the number of lattice
sites), i.e. tn ≡ tn+NT
(cf. Figure 1, left). The lattice path integral is then
∫
Dx →
NT−1∏
n=0
∫
dx(tj) (18)
(cf. Figure 1, right).
t
t
t2
t1
t0
tt
x(t) x(t)
x(tn)
tn
Figure 1: lattice discretization of a path integral in quantum mechanics.
Another severe numerical problem is the oscillating weight eiS[x] in (14). To avoid these
oscillations, one considers so-called Euclidean path integrals:
• Time evolution via e−iHt is replaced by e−Ht (t is then only a mathematical param-
eter, which should not be interpreted as physical time).
• “Euclidean expressions” usually differ from the original “Minkowski expressions” by
signs or phases ±i and are obtained via t → −it (changing the sign in front of t2
changes Minkowski spacetime [metric ds2 = ±(dt2 − dx2)] to Euclidean spacetime
[metric ds2 = −(dt2 + dx2)] and vice versa); in particular∫
DxeiS[x] , S[x] =
∫
dt
(m
2
x˙2 − V (x)
)
(Minkowski) (19)∫
Dxe−S[x] , S[x] =
∫
dt
(m
2
x˙2 + V (x)
)
(Euclidean). (20)
7
The real positive weight e−S[x] in the Euclidean path integral (20) exponentially suppresses
paths x(t) with respect to the minimum or the minima of the Euclidean action. This al-
lows for efficient stochastic methods to numerically evaluate such Euclidean path integrals
(importance sampling via Monte Carlo algorithms). Note that Minkowski and Euclidean
path integrals are not equivalent. Quite often, however, time independent physical ob-
servables, in particular energy eigenvalues (in QCD equivalent to hadron masses), can be
expressed by Euclidean path integrals.
Performing computations for several small a and several large T = aNT allows to study
and to remove systematic effects due to discretization and periodicity (continuum extrap-
olation, infinite volume extrapolation).
Lattice computations in QCD follow the same ideas:
• Spacetime is discretized, xµ ∈ R4 → xµ = nµ × a, nµ ∈ Z4 (a is the lattice
spacing); cf. Figure 2.
x1
x0
xµ ∈ Z4 × a
a
Figure 2: lattice discretization of spacetime.
• Spacetime is considered to be periodic (periodicity L = aNL, NL is the number of
lattice sites in each spacetime direction, N4L lattice sites in total), i.e. xµ ≡ xµ+Le(ν)µ
(e(ν) denotes the unit vector in ν direction). In other words spacetime has the shape
of a four-dimensional torus.
• The resulting finite dimensional lattice QCD path integral∫
DψDψ¯
∫
DA →
∏
nµ
∫
dψ(anµ) dψ¯(anµ)
∫
dU(anµ) (21)
can be solved numerically, when formulated in Euclidean spacetime.
The typical present-day dimensionality of a lattice QCD path integral can easily be esti-
mated:
• nµ ∈ {0, 1, . . . , NL − 1}4: e.g. for NL = 32, 324 ≈ 106 lattice sites.
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• ψ = ψa,(f)A : 24 quark degrees of freedom for every flavor (real and imaginary part of
ψ, color a = 1, . . . , 3, spin A = 1, . . . , 4); ≥ 2 flavors, i.e. at least a u and a d quark
field are considered.
• U = Uabµ (the lattice equivalent of Aaµ): 32 gluon degrees of freedom (color a =
1, . . . , 8, spin µ = 0, . . . , 3).
• In total a 324 × (2× 24 + 32) ≈ 83× 106 dimensional integral.
Clearly, standard approaches for numerical integration (like uniform sampling) are not
applicable. It is mandatory to use sophisticated algorithms (stochastic integration tech-
niques, so-called Monte-Carlo algorithms) and HPC systems.
2.5 A brief overview of some technical aspects of lattice QCD
In this section some technical aspects of lattice QCD are outlined. Detailed presentations
can be found e.g. in the textbooks [6, 7, 8].
Lattice derivatives
Derivatives of a continuous function f have to be replaced by finite differences on a lattice.
The discretization of a derivative is not unique. For example one could use
∂µf(x) → f(x+ ae
(µ))− f(x)
a
(22)
as well as
∂µf(x) → f(x+ ae
(µ))− f(x− ae(µ))
2a
. (23)
Both discretizations fulfill the requirement that in the limit a→ 0 the continuum deriva-
tive ∂µf(x) is recovered.
The continuum gluon field Aµ(x) versus lattice link variables Uµ(x)
A fundamental symmetry of QCD, which is not discussed in these lecture notes, but
which is essential for the physics of the strong interactions, is gauge symmetry (cf. e.g.
section 2 of [8]). It is important to preserve gauge symmetry, when discretizing QCD by
means of a spacetime lattice. This is not possible, when discretizing the gluon field in a
straightforward way, i.e. Aaµ(x)→ Aaµ(nµa). To preserve gauge symmetry, the discretized
gluon field has to be encoded in form of so-called link variables, which connect neighboring
lattice sites x and x+ ae(µ):
Uµ(x) ≈ exp
(
− igAµ(x+ ae(µ)/2)a
)
(24)
(note that both Aµ and Uµ are 3 × 3 matrices in color space). The covariant derivative
Dµ = ∂µ − igAµ in the continuum quark action (4) depends on the gluon field. Hence, a
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lattice equivalent contains link variables, e.g.
Dµf(x) → Uµ(x)f(x+ ae
(µ))− U †(x− ae(µ))f(x− ae(µ))
2a
(25)
The lattice quark action
A straightforward discretization of the Euclidean quark action is
Squark[ψ, ψ¯, A] =
∫
d4x
∑
f
ψ¯(f)
(
γµDµ +m
(f)
)
ψ(f) →
→
∑
xµ
a4
∑
f
ψ¯(f)(x)
(
γµ
Uµ(x)ψ
(f)(x+ ae(µ))− U †µ(x− ae(µ))ψ(f)(x− ae(µ))
2a
+m(f)ψ(f)(x)
)
,
(26)
where the spacetime integral has been replaced by a sum over all lattice sites,
∫
d4x →∑
xµ
a4. This lattice action, however, leads to an unwanted multiplication of quark flavors
(the famous “fermion doubling problem”), an effect caused by the symmetric discretization
of the covariant derivative (25). This fermion doubling does not even vanish in the limit
a→ 0. There are several possibilities to circumvent the problem, e.g. adding the so-called
Wilson term −(a/2) ∫ d4x ∑f ψ¯(f)DµDµψ(f) to the quark action (again cf. e.g. [6, 7, 8]
for details).
The lattice gluon action
For the lattice gluon action one needs a discretization of the field strength in terms of link
variables, which is given by a loop of four link variables:
Uµν(x) = Uµ(x)Uν(x+ ae
(µ))U †µ(x+ ae
(ν))U †ν(x) ≈
≈ exp
(
− igFµν(x+ ae(µ)/2 + ae(ν)/2)a2
)
. (27)
A possible discretization of the Euclidean gluon action is
Sgluon[A] =
1
2
∫
d4xTr
(
FµνFµν
)
→ 1
g2
∑
xµ
∑
µ,ν
Tr
(
1− 1
2
(
Uµν(x) + U
†
µν(x)
))
. (28)
Choosing and setting the lattice spacing a
In lattice QCD computations all dimensionful quantities are expressed in units of the
lattice spacing a, i.e. as dimensionless quantities. For example ψ(f) → ψˆ(f) = ψ(f)a3/2
and m(f) → mˆ(f) = am(f). It is easy to show that after these replacements the lattice
spacing a does not appear anymore explicitly in the lattice QCD action. On the other
hand, the lattice spacing a and the QCD coupling constant g are related. The functional
dependence g = g(a) is non-trivial, but can be determined numerically. Therefore, setting
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a to a specific desired value amounts to choosing the corresponding value for g (in the
literature typically the equivalent parameter β = 6/g2 is used).
The lattice spacing should be chosen in line with the following criteria:
• The number of lattice sites N4L, which can be handled in a computation, is lim-
ited by the available computer resources. With up-to-date HPC systems typically
24 <∼NL <∼ 64 is feasible. The physical extension of the lattice in each of the four
spacetime directions is L = aNL. L should be chosen large enough, such that the
hadron of interest fits into the spatial volume of the lattice. For example, if one
studies a hadron with a diameter of around 1 fm, a reasonable choice for the spatial
extension of the lattice could be L >∼ 2 fm, which implies a >∼ 2 fm/NL. Moreover, the
pion is the lightest particle in QCD and unwanted effects from periodicity are in
most cases dominated by pion exchange. One can show that these effects are ex-
ponentially suppressed proportional to mpiL. A common rule of thumb is to choose
mpiL >∼ 3 . . . 5, which amounts to a >∼ (3 . . . 5)/mpiNL.
• On the other hand, studying the above mentioned hadron with a diameter of around
1 fm will only be successful on a lattice, which is able to resolve its substructure, i.e.
if a≪ 1 fm. Typical nowadays lattice spacings, which lead to rather precise results
for many hadron masses, in particular those composed of u, d and s quarks, are in
the range 0.05 fm<∼ a <∼ 0.15 fm.
3 Symmetries of QCD, hadron creation operators,
temporal correlation functions
3.1 Classification of hadrons
Hadrons and their properties are compiled by the Particle Data Group (cf.
http://pdg.lbl.gov/) [1]. Hadronic states are mainly classified by QCD quantum num-
bers:
• Spin or total angular momentum J (bosons: J = 0, 1, 2, . . .; fermions
J = 1/2, 3/2, 5/2, . . .).
• Parity (spatial reflections) P = ±1.
• Charge conjugation (exchange of quarks and antiquarks) C = ±1 (flavorless mesons
only).
• Flavor quantum numbers:
Isospin: I; Iz = +1/2 (u), Iz = −1/2 (d).
Strangeness: S = −1 (s), S = +1 (s¯).
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Charm: C = +1 (c), C = −1 (c¯).
Bottomness: B′ = −1 (b), B′ = +1 (b¯).
Topness: T = +1 (t), T = −1 (t¯).
• Since electromagnetism is neglected throughout these lecture notes, electrical charge
is not discussed or used in the following.
As in quantum mechanics, quantum numbers correspond to eigenvalues of operators,
which commute with the Hamiltonian. In other words these operators generate symmetry
transformations. Familiar examples are [H, J2] = 0 (QCD is symmetric under rotations)
or [H,P ] = 0 (QCD is symmetric under parity).
A hadron with quantum numbers I(JP ) (and S, C, B′, T , which are often not listed)
corresponds to a low lying eigenstate of the QCD Hamiltonian with these quantum num-
bers and its mass to the corresponding eigenvalue2. For example for the pion, which is
characterized by I(JP ) = 1(0−),
• Iˆ2|π〉 = I(I + 1)|π〉 = 2|π〉,
• Jˆ2|π〉 = J(J + 1)|π〉 = 0|π〉,
• Pˆ |π〉 = P |π〉 = −|π〉,
while its mass is given by
• Hˆ|π〉 = E|π〉 = (mpi + EΩ)|π〉 → mpi = E − EΩ
(this time hats ˆ on top of operators are explicitly written, to distinguish operators and
eigenvalues/quantum numbers; QCD energy eigenvalues always include EΩ, the energy of
the QCD vacuum, which has quantum numbers I(JP ) = 0(0+)).
Note that quantum numbers do not uniquely characterize a hadron. As an example there
are excited versions of the pion: π0 (mpi = 135MeV), π(1300) (mpi(1300) ≈ 1300MeV) and
π(1800) (mpi(1800) ≈ 1812MeV) share I(JP ) = 1(0−).
When studying hadrons by means of lattice QCD, typical goals include the following:
compute for a given a set of quantum numbers I(JP ) (and S, C, B′, T ), i.e. for a specific
hadron (typically the lightest in the given I(JP ) sector)
• its mass (explained in the following),
• its structure (not discussed in these lecture notes),
• decay properties and probabilities (not discussed in these lecture notes).
2This statement is only correct for hadrons, which are (essentially) stable with respect to hadronic
decays, e.g. pi, K, D, ..., p, n, ... There are other hadrons, which can (readily) decay into multi-particle
states, e.g. κ ≡ K∗0 (800) → K + pi (because of mκ ≈ 672MeV > mK + mpi ≈ (495 + 140)MeV, and
because both κ and K + pi can have quantum numbers I(JP ) = 1/2(0+)). For such hadrons (so-called
resonances) a mass determination is significantly more difficult (cf. e.g. [9, 10, 11]).
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3.2 Computation of hadron masses
To determine a hadron mass mH (the hadron H is specified by quantum numbers I(J
P ),
...), one proceeds in two steps:
(1) Define a suitable hadron creation operator OH (cf. section 3.2.1).
(2) Compute the Euclidean temporal correlation function of the hadron creation op-
erator OH , then read off the hadron mass mH from the asymptotic exponential
behavior (cf. section 3.2.2).
3.2.1 Hadron creation operators
A hadron creation operator OH (also called interpolating operator) is an operator, which,
when acting on the QCD vacuum |Ω〉, creates a so-called trial state |φ〉 = OH |Ω〉 with
the quantum numbers of the hadron H , i.e. a state with I(JP ), ...
In general |φ〉 is not the hadron of interest, i.e. |φ〉 6= |H〉. It is a linear superposition of
all states (hadron and multi-hadron states) with quantum numbers I(JP ), ...,
|φ〉 = OH |Ω〉 =
∞∑
n=0
an|I(JP );n〉 (29)
(in the following labels of states are abbreviated according to |n〉 ≡ |I(JP );n〉; moreover,
the states are ordered according to their masses, i.e. m0 ≤ m1 ≤ m2 ≤ . . .). The
coefficient an = 〈n|OH |Ω〉 is the overlap of the trial state and the energy eigenstate |n〉.
Its magnitude indicates, to what extent the hadron creation operator OH excites the
hadronic state |n〉. Quite often one is interested in the lightest hadronic state in a given
sector, i.e. |H〉 = |0〉.
Example: pion, quantum numbers I(JP ) = 1(0−)
The pion is the ground state in the I(JP ) = 1(0−) sector:
|H〉 = |π〉 = |0〉. (30)
In a simplified version of QCD, where quark antiquark pair creation and annihilation is
forbidden3, the excited states are the previously mentioned excited versions of the pion,
|n〉 ∈
{
|π(1300)〉 , |π(1800)〉 , . . .
}
, n ≥ 1. (31)
3Calculations in such a simplified world (in the so-called quenched approximation) are computationally
much cheaper and are quite common in the older literature.
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In full QCD, where quark antiquark pair creation and annihilation takes place, the low
lying energy eigenstates usually contain multi-particle states. For example in the pion
sector the first excited state is a three-pion state,
|n〉 ∈
{
|π + π + π〉 , . . .
}
, n ≥ 1. (32)
Hadron creation operators are far from unique. From a numerical point of view a good
operator to excite the ground state corresponds to |an|/|a0| ≈ 0, n ≥ 1. In other words
OH excites the quark fields and the gluon field in such a way that OH |Ω〉 closely resembles
|H〉 = |0〉.
A typical hadron creation operator for the pion is
Opi =
∫
d3r u¯(r)γ5d(r). (33)
• u¯(r)d(r) realizes I = 1.
• γ5 realizes JP = 0−.
• ∫ d3r realizes momentum p = 0 (without ∫ d3r hadrons with non-vanishing mo-
menta would appear in (29), (31) and (32).
For detailed explanations and further examples cf. section 4.
3.2.2 Temporal correlation functions
The vacuum expectation value of a hadron creation operator OH at time t1 and its her-
mitian conjugate O†H at time t2 is called a temporal correlation function. Temporal
correlation functions are common representatives of quantities, which are computed in
lattice QCD. They are defined via
CH(∆t) = 〈Ω|O†H(t2)OH(t1)|Ω〉 =
1
Z
∫
DψDψ¯
∫
DAO†H(t2)OH(t1)e−SQCD[ψ,ψ¯,A],
(34)
where ∆t = t2 − t1 4.
It is easy to show that a temporal correlation function is dominated by the ground state
for large ∆t. The reason is that states are exponentially suppressed proportional to their
4For technical aspects, i.e. detailed discussions, how a such temporal correlation functions can be
computed using lattice QCD, cf. e.g. [6, 7, 8].
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mass and the temporal separation ∆t:
CH(∆t) = 〈Ω|O†H(t2)OH(t1)|Ω〉 =
∞∑
n=0
〈Ω|O†H(t2)|n〉〈n|OH(t1)|Ω〉 =
=
∞∑
n=0
〈Ω|e+H∆tO†H(t1)e−H∆t|n〉〈n|OH(t1)|Ω〉 =
=
∞∑
n=0
∣∣∣〈n|OH |Ω〉∣∣∣2︸ ︷︷ ︸
=|an|2
exp
(
− (En −EΩ)︸ ︷︷ ︸
=mn
∆t
)
∆t→∞
= |a0|2e−m0∆t, (35)
where the Euclidean time evolution explained in section 2.4 and (29) has been used.
To determine the ground state hadron mass mH = m0, one simply has to fit a function
Ae−mH∆t (fitting parameters A and mH) to the lattice results for the temporal correlation
function CH(∆t) at sufficiently large ∆t (an example is shown in Figure 3, left).
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Figure 3: left: the temporal correlation function of a B meson creation operator as a
function of the temporal separation (taken from [12]); right: the effective mass of the
kaon as a function of the temporal separation (taken from [13]).
In practice the hadron mass mH is often determined from a related quantity, the so-called
effective mass, which is given by
meff,H(∆t) =
1
a
log
( CH(∆t)
CH(∆t + a)
)
. (36)
Inserting (35) leads to
meff,H(∆t) =
1
a
log
( ∑∞
n=0 |an|2e−mn∆t∑∞
n=0 |an|2e−mn(∆t+a)
)
=
15
=
1
a
log
(
e+mHa
1 +
∑∞
n=1
|an|2
|a0|2
e−(mn−mH )∆t
1 +
∑∞
n=1
|an|2
|a0|2
e−(mn−mH )(∆t+a)︸ ︷︷ ︸
=1+O(e−(m1−mH )∆t)
)
∆t→∞
= mH . (37)
The effective mass becomes a constant in the limit ∆t → ∞, which is the ground state
hadron mass mH = m0. To determine mH , one simply has to fit a constant to the lattice
results for the effective mass meff,H(∆t) at sufficiently large ∆t (an example is shown in
Figure 3, right).
Note that (35) to (37) are only correct, if the temporal direction is infinitely extended. For
a finite periodic spacetime lattice (periodicity L), these expressions are more complicated.
For example the analog of (35) is CH(∆t)
∆t≈L/2≈ |a0|2(e−m0∆t + e−m0(L−∆t)). For more
details cf. e.g. [14].
4 More about hadron creation operators, exemplary
lattice results
The intention of this section is to repeat, to illustrate and to extend the basics of lattice
hadron spectroscopy in the context of recent lattice papers.
4.1 Example 1: the spectrum of D and Ds mesons and of
charmonium [15, 16]
The goals of this example are to present elements of an ongoing straightforward lattice
QCD meson spectroscopy project and to discuss quantum numbers of mesonic trial states
in more detail.
Several D ≡ c¯u, Ds ≡ c¯s and charmonium ≡ c¯c states have experimentally been observed
[1]. Some of them are plotted in Figure 4 together with corresponding lattice results
[15, 16]. Suitable D meson creation operators, which have been used, to obtain these
lattice results, are
D (JP = 0−) → OD =
∫
d3r c¯(r)γ5u(r), (38)
D∗0 (J
P = 0+) → OD∗0 =
∫
d3r c¯(r)u(r), (39)
D∗ (JP = 1−) → OD∗ =
∫
d3r c¯(r)γju(r) , j = 1, 2, 3, (40)
D1 (J
P = 1+) → OD1 =
∫
d3r c¯(r)γjγ5u(r) , j = 1, 2, 3. (41)
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In the following the quantum numbers of the corresponding trial states OH |Ω〉 are ex-
plained in detail.
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Figure 4: the spectrum of D and Ds mesons and of charmonium (taken from [15, 16]); red
data points: lattice results for light u/d quark masses corresponding to mpi ≈ 325MeV
(circles and crosses distinguish two different lattice discretizations); blue data points:
lattice results for light u/d quark masses corresponding to mpi ≈ 457MeV (stars and
boxes distinguish two different lattice discretizations); gray data points: experimental
results [1].
Flavor quantum numbers
• I = 1/2, C = ±1, i.e. flavor is trivial. One needs a c antiquark and a light u or d
quark or vice versa, i.e. c¯u, c¯d, u¯c or d¯c.
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Parity
• Using relativistic quantum mechanics or field theory one can show
ψ(r)→P P (ψ(r)) = γ0ψ(−r).
• Consequently,
ψ¯(r) = ψ†(r)γ0 →P P (ψ†(r)γ0) = ψ†(−r)γ0γ0 = ψ¯(−r)γ0.
• The QCD vacuum has positive parity, i.e.
|Ω〉 →P P (|Ω〉) = |Ω〉.
• Using these relations one can show that the D meson creation operators (38) to (41)
create trial states with the listed parity, e.g.∫
d3r c¯(r)γ5u(r)|Ω〉 →P P
(∫
d3r c¯(r)γ5u(r)|Ω〉
)
=
=
∫
d3r︸ ︷︷ ︸
=
∫
d3r′
c¯( −r︸︷︷︸
=r′
) γ0γ5γ0︸ ︷︷ ︸
=−γ5
u( −r︸︷︷︸
=r′
)|Ω〉 = −
∫
d3r c¯(r)γ5u(r)|Ω〉 (42)
∫
d3r c¯(r)u(r)|Ω〉 →P P
(∫
d3r c¯(r)u(r)|Ω〉
)
=
=
∫
d3r︸ ︷︷ ︸
=
∫
d3r′
c¯( −r︸︷︷︸
=r′
) γ0γ0︸︷︷︸
=1
u( −r︸︷︷︸
=r′
)|Ω〉 = +
∫
d3r c¯(r)u(r)|Ω〉. (43)
Angular momentum
• Using relativistic quantum mechanics or field theory one can show
– ψ¯Γψ, Γ ∈ {1, γ0, γ5, γ0γ5} is invariant under rotations,
– ψ¯Γjψ, j = 1, 2, 3, Γj ∈ {γj, γ0γj, γjγ5, γ0γjγ5} transform under rotations as the
components of an ordinary 3-vector, e.g. (x, y, z).
• (A specific variant of the) Wigner-Eckart theorem: if a set of 2J+1 operators OJM ,
M = −J,−J+1, . . . ,+J−1,+J transforms under rotations as the spherical harmon-
ics YJM (OJM are then called spherical tensor operators), the trial states OJM |Ω〉
have total angular momentum J and z-component of total angular momentum M .
• Since Y00 is invariant under rotations, theDmeson creation operators
∫
d3r c¯(r)γ5u(r)
and
∫
d3r c¯(r)u(r) yield spin J = 0.
• Since Y1M , M = −1, 0,+1 are proportional to x, y and z and, therefore, transform
under rotations as the components of an an ordinary 3-vector, the D meson creation
operators
∫
d3r c¯(r)γju(r) and
∫
d3r c¯(r)γjγ5(r) yield spin J = 1.
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Momentum
• A Fourier transform ∫ d3r e−ikr . . . of a spatially localized operator Oˆ(r) yields mo-
mentum k, when applied to the vacuum:∫
d3r e−ikrOˆ(r)|Ω〉 =
=
∫
d3r e−ikr
∫
d3p
∑
n
|p;n〉〈p;n|e+ipˆrOˆ(~0) e−ipˆr|Ω〉︸ ︷︷ ︸
=|Ω〉
=
=
∫
d3p
∑
n
|p;n〉
∫
d3r ei(p−k)r︸ ︷︷ ︸
=(2pi)3δ(p−k)
〈p;n|Oˆ(~0)|Ω〉 =
=
∑
n
|k;n〉(2π)3〈k;n|Oˆ(~0)|Ω〉 (44)
(this time hats ˆ on top of operators are explicitly written, to distinguish momentum
operators from corresponding eigenvalues), where |p;n〉 denote momentum eigen-
states with momentum p and n the remaining quantum numbers and labels, i.e.
n ≡ (I, J, P, . . .).
• Consequently, the above D meson creation operators, which all contain ∫ d3p, excite
a linear superposition of p = 0 states, which also has p = 0.
It is interesting to mention some more details regarding the lattice results for D and Ds
mesons and for charmonium [15, 16] shown in Figure 4:
• As mentioned in section 2.5 the lattice discretization of e.g. derivatives and, there-
fore, also of the QCD action is not unique. The results shown in Figure 4 have been
obtained with two variants (denoted by (+,−) and (+,+)) of the Wilson twisted
mass discretization of QCD [17]. In the limit a → 0 both discretizations should
yield identical results.
• To perform the limit a→ 0 (also called the continuum limit), computations for sev-
eral small values of the lattice spacing a are needed. The results from Figure 4 have
been obtained at a single lattice spacing a ≈ 0.086 fm. Consequently, a continuum
extrapolation could not yet be performed.
• Light quarks are computationally extremely expensive. Hence, it is common to
perform computations not at physically light u and d quark masses, but at several
unphysically heavy u and d mass values. The results are then used to perform an
extrapolation to the so-called physical point, i.e. to the physical value of the u and d
quark mass. For the results shown in Figure 4 the u and d quark mass corresponds
to mpi ≈ 325MeV and to mpi ≈ 457MeV (an extrapolation to the physical point
[mpi ≈ 135MeV] has not yet been performed).
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For more lattice literature on D and Ds mesons and on charmonium cf. [18, 19, 20, 21,
22, 23, 24].
4.2 Example 2: the spectrum of B mesons [25, 26, 27]
The goals of this example are to discuss creation operators for mesons with total angular
momentum J ≥ 2 and to illustrate, how the above mentioned systematic errors (lattice
discretization errors, errors due to unphysical quark masses) can be removed by suitable
extrapolations.
The quark content of B mesons is b¯u, b¯d, u¯b or d¯b. To construct trial states with total
angular momentum J ≥ 2, the two spins of the quark and the antiquark are not sufficient,
since they can only be coupled to either J = 0 or J = 1. Hence, it is necessary to consider
a quark-antiquark pair with relative angular momentum, which can be realized by using
spherical harmonics. This is, however, only possible, if quark and antiquark are spatially
separated. Suitable B meson creation operators are
OB meson,Γ =
∫
d3r b¯(r)
∫
dnˆΓ(nˆ)U(r; r+ dnˆ)u(r+ dnˆ) (45)
(cf. Figure 5).
U(r; r+ dnˆ)
b¯(r)
u(r+ dnˆ)Γ(nˆ)
Figure 5: a B meson creation operator, where the quark and the antiquark can have
non-vanishing relative angular momentum.
• An b¯ quark is created at r, which is the center of the B meson.
• ∫ dnˆ denotes the integration over a sphere, which is centered around r, and on which
the u quark field is excited.
• U(r; r + dnˆ) = P (exp(−ig ∫ r+dnˆ
r
dzA(z))) connects the quark and the antiquark
in a gauge invariant way (as already mentioned in section 2.5, gauge symmetry is
an essential symmetry of QCD; in particular, hadron creation operators need to be
gauge invariant; cf. e.g. [6, 7, 8] for details). Physically this corresponds to a straight
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line between r and r+ dnˆ, along which the gluon field is excited. P denotes “path
ordering” of the 3 × 3 color matrices A(z), i.e., when expanding the exponential,
A(z1) appears left of A(z2), if z1 is closer to r than z2.
• Γ(nˆ) is a suitable combination of spherical harmonics Yjm,
m = −j,−(j − 1), . . . ,+(j − 1),+j, and γ matrices realizing, according to the
Wigner-Eckart theorem, angular momentum J and parity P (cf. Table 1):
– The J = 0 operators are invariant under rotations, as is the spherical harmonic
Y00 = 1/
√
4π.
– The J = 2 operators transform under rotations as x2 − y2, which is a specific
linear combination of spherical harmonics Y2M .
– The J = 3 operators transform under rotations as xyz, which is a specific
linear combination of spherical harmonics Y3M .
Γ(nˆ) JP notation in Figure 6
γ5 , γ5γjnˆj 0
− S
1 , γjnˆj 0
+ P−
γ1nˆ1 − γ2nˆ2 (and cyclic) 2+ P+
γ5(γ1nˆ1 − γ2nˆ2) (and cyclic) 2− D±
γ1nˆ2nˆ3 + γ2nˆ3nˆ1 + γ3nˆ1nˆ2 3
− D+
γ5(γ1nˆ2nˆ3 + γ2nˆ3nˆ1 + γ3nˆ1nˆ2) 3
+ F±
Table 1: B meson creation operators and their quantum numbers.
In the six plots in Figure 6 lattice results for six meson mass differences are shown [27]:
• The b quark is treated as infinitely heavy, i.e. in the static approximation. Since a
meson mass is the sum of its constituent quark masses and their binding energy, such
static-light mesons, which contain an infinitely heavy quark, are also infinitely heavy,
i.e. mX = EX−EΩ =∞ (X labels the meson, e.g. X ∈ {S, P−, P+, . . .}; cf. Table 1).
Therefore, only mass differences between B mesons with distinct internal structure
(e.g. with different spin J and parity P ) can be computed, because the infinite
quark masses cancel in such meson mass differences. Usually the difference to the
lightest static-light meson with quantum numbers JP = 0− is considered. In other
words, the hierarchy of static-light meson states with different quantum numbers
JP and their level spacings can be computed, despite their infinite mass. Note that
static-light mesons are in many respects similar to the hydrogen atom with infinite
proton mass, which is well known from standard lectures on quantum mechanics.
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Figure 6: static-light meson mass differences linearly extrapolated to the physical u quark
mass (taken from [27]).
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There, for example, the ground state energy is E0,mp=∞ = −13.6 eV (with the
constituent masses, in particular the infinite proton mass, not included), while in
a slightly more evolved calculation with finite proton mass one finds E0,finite mp =
mp +me + E0,mp=∞mp/(mp +me).
• The mass differences are differences to the lightest static-light meson (denoted by
S), i.e. mX −mS, where X ∈ {P−, P+, D±, D+, F±, S∗} (cf. Table 1; S∗ is the first
excited state in the JP = 0− sector).
• The horizontal axis corresponds to the light quark mass m(u) (one can show m(u) ∝
m2pi; notation in Figure 6: mPS ≡ mpi):
– Due to limited HPC resources all computations have been performed with
unphysically heavy u quarks (cf. also section 4.1).
– The physical point corresponding to m2pi = (135MeV)
2 is indicated by the
vertical dashed lines in Figure 6.
– Within statistical errors the lattice results behave linearly in m2pi. Therefore,
the extrapolations to the physical u quark mass have been performed with
straight lines (the red lines in Figure 6).
• Different colors represent computations at different lattice spacings:
– Green: a ≈ 0.080 fm.
– Blue: a ≈ 0.064 fm.
– Magenta: a ≈ 0.051 fm.
– Within statistical errors all lattice results are consistent with a single straight
line. Lattice discretization errors seem to be negligible, i.e. the continuum limit
has been reached within statistical errors.
For more lattice literature on B mesons cf. [28, 29, 30, 31, 32, 33].
4.3 Example 3: the spectrum of b baryons [34, 35]
The goal of this example is to briefly discuss creation operators for baryons.
A b baryon consists of one heavy and two light quarks, i.e. bll, where l ∈ {u, d, s}, while
an antibaryon requires antiquarks, i.e. b¯l¯l¯. Suitable b baryon creation operators are
Ob baryon,Γ,ψ(1)ψ(2) =
∫
d3r ǫabcba(r)
(
(ψb,(1)(r))TCΓψc,(2)(r)
)
. (46)
The light quarks form a so-called diquark. The definition of the diquark uses the charge
conjugation matrix C = γ0γ2. Using relativistic quantum mechanics or field theory one
can show
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• ψTCΓψ, Γ ∈ {1, γ0, γ5, γ0γ5} is invariant under rotations,
• ψTCΓjψ, j = 1, 2, 3, Γj ∈ {γj, γ0γj , γjγ5, γ0γjγ5} transform under rotations as the
components of an ordinary 3-vector, e.g. (x, y, z).
Contracting the color indices with ǫabc yields a gauge invariant operator, in other words a
baryon with a red, a green and a blue quark. Suitable choices for Γ and their corresponding
quantum numbers are collected in Table 2, where
• ψ(1)ψ(2) = ud− du, if I = 0 and S = 0,
• ψ(1)ψ(2) ∈ {uu , dd , ud+ du}, if I = 1 and S = 0,
• ψ(1)ψ(2) ∈ {us , ds}, if I = 1/2 and S = −1,
• ψ(1)ψ(2) = ss, if I = 0 and S = −2.
For numerical results, plots and their discussion cf. [35].
Γ jP J I S name I S name I S name
γ5 0
+ 1/2 0 0 Λb 1/2 −1 Ξb X X X
γ0γ5 0
+ 1/2 0 0 Λb 1/2 −1 Ξb X X X
1 0− 1/2 0 0 1/2 −1 X X X
γ0 0
− 1/2 1 0 1/2 −1 0 −2
γj 1
+ 1/2, 3/2 1 0 Σb, Σ
∗
b 1/2 −1 0 −2 Ωb
γ0γj 1
+ 1/2, 3/2 1 0 Σb, Σ
∗
b 1/2 −1 0 −2 Ωb
γjγ5 1
− 1/2, 3/2 0 0 1/2 −1 X X X
γ0γjγ5 1
− 1/2, 3/2 1 0 1/2 −1 0 −2
Table 2: b baryon creation operators and their quantum numbers (jP : angular momentum
of the light quarks and parity; J : total angular momentum; I: isospin; S: strangeness;
name: name of the corresponding b baryon(s) in [1]); operators marked with “X” are
identically zero, i.e. do not exist.
For more lattice literature on b baryons cf. [28, 36, 33, 37, 38, 39].
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